Abstract-In this paper, we discuss the uniform convergence of the simple upwind scheme on the Shishkin mesh and the Bakhvalov-Shishkin mesh for solving a singularly perturbed Robin boundary value problem, and investigate the midpoint upwind scheme on the Shishkin mesh and the Bakhvalov-Shishkin mesh to achieve better uniform convergence. The elaborate ε -uniform pointwise estimates are proved by using the comparison principle and barrier functions. The numerical experiments support the theoretical results for the schemes on the meshes.
Introduction
Let us consider a singularly perturbed convection-diffusion Robin boundary value problem: . Under these conditions, the singularly perturbed problem (1) has a unique solution with a boundary layer at 0 x  . Singularly perturbed problems arise in many branches of science and engineering such as modeling fluid flows and simulating semiconductor devices (see [1] [2] [3] [4] ). A wide variety of numerical methods, including the simple upwind scheme and the midpoint upwind scheme on layer-adapted meshes, were constructed to solve the problems in the past few decades (see [5] [6] [7] [8] [9] ).
In this paper, the properties of the exact solution and the Shishkin mesh are introduced in section 2. In section 3, we discuss the simple upwind scheme on the Shishkin mesh for solving the singularly perturbed Robin BVP (1) and prove its  -uniform pointwise convergence of order In section 4, the simple upwind scheme on the Bakhvalov-Shishkin mesh, and the midpoint upwind scheme on the Shishkin mesh and the Bakhvalov-Shishkin mesh are studied to reach higher orders of uniform convergence. In section 5, several numerical examples support the elaborate error estimates.
The Solution and the Mesh
Lemma 1 (see [5] ) For any positive integer
is the solution of problem (1) with sufficiently smooth data then ( ) u x can be decomposed as u S E   , where the smooth part S satisfies as generally in practice. We have the Shishkin mesh:
which is simply piecewise equidistant. Denoting
Throughout the paper, C is a generic positive constant that is independent of  and i h , and note that C can take different values at each occurrence, even in the same argument.
The Scheme and Its Estimate
For the simple upwind scheme:
we have 
, and the equation (3) has a unique solution.
Proof. It is proved by that the coefficient matrix associated with
By direct computation and Taylor formulas as usual, we have the following two lemmas.
As in the continuous case, decompose the numerical solution into the smooth part and the layer part by
Therefore, the error can be estimated by
For the smooth part, we have 0 0 0
by Lemma 1 and Lemma 5. Setting
. By the discrete comparison principle, we get
For the layer part, we have Lemma 6. There exists a constant C such that
C to be sufficiently large,
Y is a discrete barrier function for 
From Lemma 1, we have
Thus, the proof is complete.
Lemma 7.
There exists a constant C such that 1 ln
Proof. By Lemma 5, Lemma 1, the mesh generating function (2) and noting that
, from Lemma 4 and 6, we have
provided that the constant 0 C is chosen sufficiently large. So, 1 ln
by a discrete comparison principle.
Theorem 1.
The simple upwind scheme on the Shishkin mesh for the singularly perturbed Robin boundary value problem (1) satisfies:
Proof. It is proved by (4), Lemma 6 and 7.
I. FURTHER RESULTS
On the Bakhvalov-Shishkin mesh (see [8] 
where the mesh generating function is as follows:
the simple upwind scheme for solving the singularly perturbed Robin BVP was proved to be uniform first-order convergence (see [4] ):
Further, we consider the midpoint upwind scheme for Dirichlet BVP in [9] to be modified for the Robin BVP (1) as follows:
, we have , , 0,
The coefficient matrix associated with this N L is also an M-matrix and a discrete comparison principle holds. By using barrier functions, we can obtain the same error estimate on the Shishkin mesh for Robin BVP as that for Dirichlet BVP in the following:
Moreover, we can prove that the midpoint upwind scheme on the Bakhvalov-Shishkin mesh has the uniform convergence:
Numerical Examples
The numerical results in tables 1 and 2 agree with the error estimates for the simple upwind scheme on the Shishkin mesh and the Bakhvalov- Form the theoretical analysis and the numerical results, we conclude that S-S, S-BS, M-S and M-BS are robust, efficient and  -uniform convergent.
